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THE RIEMANN PROBLEM FOR A MODEL NON-LINEAR ELASTIC CONTINUUM

J. E. Hammerberg

Applied Theoretical Physics Division, Los Alamos National Laboratory, Los Alamos, New Mexico 87545

The solution to the Riemann problem for a non-linear elastic continuum characterized by an intern»l energy density
¢(S, ¢,)), where S is the entropy and ¢,, the strain tensor, is discussed. Numerical solutions for the wave structure

for parameters appropriate to Tungsten are discussed.

1 INTRODUCTION

The integration of the equations of Lagrangian hy-
drodynamics of fluids and continua requires the solution
of & Riemann problem when the schemes of Glimmr or
Godunov are vsed.! This problem has typically been
studied for flud equations of state.? When elastic ron-
tnua are studied, the lower symmetry and consequent
inc-ease in the dimensionality of the space of dynamica!
variables introduce complications.? In the fullowing we
present & model nternal energy appropriate for large
density changes and discuvss the numencal mlution to
the Riemann witial value problem Sertion 2 dencribes
the Rietnann problems  Sec.iou 3 describes the model
Section 4 describen a scheme for sulution and Secuon 5

discuse s somie numerical resulta

2 THE RIEMANN PROBLEM FOR AN ELASTIC
CONTINUUM
The conservation laws for a non hinear elaatic contin

uian give nee to 8 eet of quan hineas hyperbolic equa
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In writing these we assume a Lagrangian represen
tation with X the Lagrangian coordinate defined su the

usual way

2,= X, 4+ u(X. 0 (4

X,=r(Xt=0 (0

The velocity of a matenal element 7, the deformation
tensor a and the Cauchy rtress tensor & air then given

by
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wherr ¢ 8 the stiess trnsor The specific inteinal eney gy

e gelated to the taral energy F by

lie the abote we asmurne loeal thermodynanne et
tig wo thint the looal mternal energy s & fua Hon o
the entropy Aled stimt tepmst

In the Ruemma i problens whinh il be conaders

hete we aamunne & fow depending on!s o0 A and ¢



Then only X,, derivatives are r levant. We may define

vector stresses and strains

p = O, (i)

The conservation equations may then he written as

Su+ 8 f =0, (12)

where u' and ¢ are the seven dimensional vectors

IF.P.p.E. (13,
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and p, s the Lagrangian density

P= —— 'l;'l'

In tlus representation the firmt law of thermodyuamues

teads

Pode = p TdS o adp, (16i

The solution to the Fuemann problem i defined to he
the arlf muular solution of equations 121 for the mitial

combition

{u-«l- Xy«
urt - (- 10
w2 (X, =

where v 1 and w2 are conatant vectom

3 A MODEL EQUATION OF ST1ATE

The spedific iternal energy depends on the apecifis
enttupy aml the stimn tenmn The adiabatic elaati
conntanta are formed hy taking constant entropy stymn

dernatives of thim quantny o situationn mvalving strong

variations of the local thermodyuatc variables it 18 1un-
portant touclude the strain dependence of these quan
tities. These vanations are calculable in principle, at
least for the simple metals for which peeudo potentind
theories give reasonably accurate representations of ihe
shape dependence of the free energy and rensonable 1op
resenitations of the electrunic and phonowe contnbm
tions te the entropy  However, since we are juterested
here in nuruerical questions related to the solutions of
(12) and (171, we prefer to use a reasouably sunple yet
accurate model internal energy

We write the atresa as & sum of a cold stresa and a

thermal stress

'.(,T-f)'—' _!:n'lp‘l*-‘.l.(’l‘.fl. LY
CRPL el = pev(fnr l{f - f“'(,"l:. (1

whete v, are Gruneinen functions and ¢' (' s the calid
energy A reasonable approximation to the coli equa
ton of atate approxitnates the bulk modulus as a con
stant plus a term inear in the pressure Thas sesults o,

a5 elastic conntant of the form

- ‘.{”'L‘;':i (;-l‘:l- )ll : L.

with 00, a 1~ferenrce denmty We nake a mitusnal as

nim!

nutnptiog that the toansverse elantic ronstants depend
only ot the denmty watl the form 120,

The elasti constants satinfy general symnetiy 1
whiremirnts as s well kuown In the Lagtangian formn

Intion 1t im pommble to show that

i, ”.u) Y
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Since thie celationalap 1w antinfed & fortion by the !

atrenn 1t followa from the definition of A« that
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The assumption that the cold transverse elasti- con-

stants dej 'ud only on py. viz.

s P Eyipiigpy prod, (23:
8" = valpr (g - pata)), (24
with
#iol e \"
e (E) -
wnip d+p) \ Aol (dut

requures in view of equ (21 that s!*'(p. depend ou py

aud py as well Since this 1oformstion 13 uot generally

avalable 1although 1o pnoaiple caleulable) we modify
(1]

,""tF by including & quadratic term o that 1211

satified Sumular remarks apply for the 5, which we

wrnile as
]
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The nunmnnl aet of paraneters are then oo 500 and
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4 NUMLRICAL METHODS

Wr denote the regons of conatant w aeparated by

dimaoptyties an 1 10 2 LN 02 3 N0
D20 whetr -1 ] mthe left poomt ntate msed 2 ) the

¢ we wiite the constarnt

nght! moat state Following Lax
soitionn in regiona 11 3 and 7 3 an three paruneter

Cancyona of the mptnd atates

uwil3)= Fruilhma.ma.mat 129,

wi2. 3= Flui2uny,ma.m). (30

The conditions of solution are the requirements that

v (2,3i - v (1.3 =0, (31

3,231 - a1.3)=0. (32

1e that the velocities and stresses are continuons acr ms
the contacy diacontinuty This amounts to a aix
meusivual noulinear function solve i the 5, space To
test the feambility of such a solution method we have
coumdered he mtuation for which it 1s a reasonable ap
proximation to replace isentropes with Hugomot curves
Theu the functuonu F w1297 and 130118 determuned by
the Raukine Hugotiot conditions We have found that
s a goud choee for the parameter ),

The huearization of the abiwve procedure results 1

an rigenvalue probler of the fonm

A,lllk.'ll . ,\I”l.v, (KK

where M ina constant matns depending oo the Ieft and

nght staten 1 and 2,y s the veetor
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and Apy w the change of p; acreme & discontinnty agd
deternunes the puaameter ny, - ppk, s The i) prob
lesn. howeser requinea a nonhnear soluton and o e

redure han bheen 16 wite
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and iterate froma o+ T taa
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5 DISCUSSION

The detaled description of pumencal results will be
presented 1n a longer report A typical exampie is a
Tungsten ke model for which we have taken u)(01 =
3 18 Mbar. uz(0) = 1 G4 Mbar, yyi0) = 1 54 Mbar, 9101
e 1T o= ypora 1B, =400, aT, =
300 lwtual values have been chosen to be v (11 =
1,2 -0 pe2r = 108 peatlt = 10 % Mbar,
ofta-2r = 10 ¢ Mbar where epy = ¢ e.5q 18 the
thermal epergy. and pil) E p hoa heen vared The
strautis 1L the different regions as a function of p are
shown 1n the igure Que result which » apparent from
thene calrulations 1s that for a range |31« § uiio), the
Liieas state vertors are rather good spproximations to
the actual slutions (iffenng by the order of 10 per
cent af the upper epil ' Beyond this range nen ineanty
becomes important  Indeed, for (8 = 24,100 10 this
mude! the mgenvaluen of the matnia M become 1mag
nary  The above muggests that 8 pertwrbative approach
may be useful However such an approach has not been

purnued
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